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An Analysis of Wideband Direction-of-Arrival
Estimation for Closely-Spaced Sources in the

Presence of Array Model Errors
Tuan Do-Hong, Member, IEEE, and Peter Russer, Fellow, IEEE

Abstract—This letter presents an analysis of wideband direc-
tion-of-arrival (DOA) estimation for closely-spaced sources using
arbitrary antenna array taking into account the effect of array
model error, which is important issue in practical implementation.
Based on this analysis, a new wideband DOA estimation method
without array calibration is then developed to deal with the effects
of array errors. The performance improvement of the proposed
method in the presence of array errors is shown in simulation re-
sults.

Index Terms—Array model errors, DOA estimation, smart an-
tennas.

I. INTRODUCTION

FUTURE generation of wireless communication systems
will use smart antennas to improve the performance and

the spectrum efficiency of the system [1]. Moreover, in future
systems, wideband signals will be used for requirements of
higher data rate services. In this letter the direction-finding
smart antennas approach is considered [1]. This approach has
two phases: first, the directions of users are estimated during
reception (DOA estimation) and then the direction information
is used to calculate the weights for array transmission (beam-
forming) [2]. In this letter, the wideband DOA estimation for
wideband smart antennas in future wireless communication
systems is considered.

Most of the results for DOA estimation have been obtained
for narrowband signals [3], [4] and/or via simulations. In [5], by
using Bessel functions the source-direction vector is separated
into two components: one depends on frequency and array pa-
rameters, and the other depends only on directions of arrival.
The Taylor series can be applied to describe the dependence of
the latter component on the source separation. The behavior of
closely-spaced sources can be then analyzed by considering the
source-direction vector when the source separation goes to zero.
However, in [5], the effects of array model errors (element posi-
tion error, element gain and phase errors) are not yet considered.

In this letter, an extension of the analysis in [5] with taking
into account the array model errors is presented. In the effec-
tive wideband DOA estimation methods introduced in [7]–[12],
the array is assumed to be ideal, it means that the positions and
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the electrical characteristics (gains and phases) of antenna ele-
ments are accurate. However, in practice, especially for wide-
band signals and at millimeter-wave band, these array assump-
tions are not much satisfied due to the uncertainties of element
positions and fluctuations of element gains and phases (due to
nonidentical elements, frequency-variant response, aging, envi-
ronmental conditions etc.). Therefore, unlike the ideal case, the
(actual) source-direction vectors at different frequencies within
the signal bandwidth will consist of known components (nom-
inal) and unknown ones (perturbations or errors). After deriving
the dependence of source-direction vector on (actual) array pa-
rameters and the source separation, a new wideband DOA es-
timation method without array calibration, Modified Nominal
Transformation (MNT), is proposed to overcome these errors.

II. WIDEBAND DOA ESTIMATION IN THE

PRESENCE OF ARRAY MODEL ERRORS

A. Wideband Model in the Presence of Array Model Errors

Consider an arbitrary antenna array composed of ele-
ments, all elements are assumed to be omnidirectional and
mutual coupling between elements is not taken into account.
Assumed that wideband signal sources, with identical band-
width , are located in the far-field of the array, impinging on
the array from distinct directions , ,
where and are elevation and azimuth, respectively,

, . Each signal has temporal
frequencies , which are observed over time interval of ,

, , where and are lowest and
highest frequencies, respectively, included in the bandwidth .
From [6], the ( 1)-vector of signals at outputs of the array
in frequency-domain, , is expressed by

(1)

where is ( 1)-vector of signals at the input of array,
is ( 1)-vectors of white noise at the array, and

(2)

is the ( )-actual source-direction matrix, with actual
source-direction vector, , given by

(3)
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where and are actual gain and actual phase of
th element, respectively.
Let us consider the array in cylindrical coordinate system,

the actual position of th antenna element is ( , , ),
. With far-field assumption, the propagation delay

in (3) can be written as

(4)

where is the propagation velocity.
In the presence of model errors, the actual gains, phases, and

positions will be given by

(5)

(6)

where , , , and are the nominal
(known) values and , , , and are their
respective random errors.

B. Representation of Vector

Applying the Bessel functions of the first kind to elements of
in (3), we obtain

(7)

where is the Hadamard product [13]; and
are ( )-diagonal matrices, ,

; , , and are
( )-matrices containing the information of spatial
frequency and array geometry, with

(8)

, , are ( 1)-vectors with
, ,

, , . In (8),
is the th order Bessel function of the first kind, is the order
of Bessel function selected such that is small for .

By representing the vector using Taylor series as pre-
sented in [5], the relation between actual source-direction vector

and source separation can be obtained.

III. MODIFIED NOMINAL TRANSFORMATION (MNT)

Let us denote the nominal (error-free) source-direction matrix
at selected frequency as

(9)

Representing the nominal source-direction vector at selected
frequency , , using Bessel functions, we obtain

(10)

where and are ( )-diagonal matrices, with
, ; and

The transforming matrices at different frequencies ,
, are determined by

(11)

where is the Frobenius matrix norm [14]. According to
[9], the transforming is lossless if are unitary matrices.
Therefore, (11) is subjected to , where the su-
perscript indicates Hermitean conjugate. The solution of (11)
is then given by

(12)

where , are ( )-unitary matrices formed by left and
right singular vectors of the product .

The transformed covariance matrix, , is obtained as

(13)

where is cross-spectral density
matrix at . Defining a grid of spatial frequency points, the
estimated spectrum using MUSIC [15] is then given by

(14)

where is noise-eigenvector matrix obtained from the co-
variance matrix , and . The DOA’s can be then
estimated by locating the highest peaks of .

IV. SIMULATION RESULTS

We considers 1-D estimation of azimuth (elevation of )
using 16-element uniform circular array (UCA). The inter-el-
ement spacing is of , with . Assumed that
three signal sources, which have identical bandwidth of
spanned by 51 frequency bins, impinge on the array from di-
rections 75 , 90 , and 105 . The simulations are performed
with 500 independent trials and 51 snapshots are used. Assumed
that the position error (PE), gain and phase errors (GPE) have
Gaussian distribution with mean and standard deviation .
For the PE, , ( in range of [ ,

]); , ( in the range of [ , 5 ]).
The gain error is assumed with , ( in
the range of [ , 0]) and the phase error is assumed with

, ( in the range of [ , 5 ]). We compare
the performance of proposed method in conjunction with the
MUSIC (MNT-MUSIC) and the Two-Sided Correlation Trans-
formation method [10], which is considered with array errors
(T-MUSIC-PE-GPE) and without errors (T-MUSIC). To eval-
uate the performance of methods, the bias that measures the av-
erage deviation of the estimator from the true value [17] and the
standard deviation of estimate for different values of signal to
noise ratio (SNR) are considered.



316 IEEE MICROWAVE AND WIRELESS COMPONENTS LETTERS, VOL. 13, NO. 8, AUGUST 2003

Fig. 1. Estimated spectra of T-MUSIC without error [the curve (1)], of
T-MUSIC with errors [T-MUSIC-PE-GPE, curve (2)] and of the proposed
method [MNT-MUSIC, curve (3)] for the sources at 75 , 90 , 105 .

Fig. 2. Bias of estimate versus SNR at 75 .

Fig. 3. Standard deviation of estimate versus SNR at 75 .

In Fig. 1, the estimated spatial spectra (versus azimuth
angle) of the MNT-MUSIC (14), of the T-MUSIC without
error (T-MUSIC) and of the T-MUSIC with error (T-MUSIC-
PE-GPE) are overlaid for comparison. The bias and standard
deviation of methods (versus SNR) are compared in Figs. 2
and 3, respectively. As illustrated in figures, the T-MUSIC,
which provides unbias and low deviation at low SNR [16], is
strongly degraded by errors. In the presence of errors, the bias

and standard deviation cannot be improved with increasing
SNR. As expected, the estimated spectrum of proposed method
(MNT-MUSIC) is clearly improved in presence of the PE and
the GPE (Fig. 1). As shown in Figs. 2 and 3, the performance of
proposed method are improved as SNR increases, the proposed
method is robust in the presence of array errors when the SNR
is sufficiently high.

V. CONCLUSION

In this letter, a model of wideband DOA estimation for
closely-spaced sources using arbitrary antenna array is pre-
sented. Practical considerations including the errors of array
element positions and the error of element gain and phase are
considered. To reduce these array errors, a wideband DOA
estimation method without array calibration is proposed. The
proposed method reduces the effects of errors at low SNR and
is robust in the presence of errors at high SNR.
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